For a composite with thin interface layers between inclusions and the matrix, the effective elastic properties and the effective conductivity (thermal or electric) are almost unaffected by the layers, provided (1) the layer thickness is much smaller than the inclusion sizes and (2) the contrast between the properties of the layers and either of the phases is not overly high. For composites with nanoparticles, the interface thickness may be comparable to the particle sizes. Therefore, the effect of interfaces on the overall properties may be substantial. The controlling parameters are (1) the ratio of the interface thickness to particle sizes and (2) variability of the properties across the interface thickness. Explicit expressions constructed in the present work show that the overall elastic/conductive properties are affected, mostly, by the interface thickness (normalized to the size of the core particle) and are much less sensitive to the extent of the variation and its exact character. Similarities and differences between the elasticity and the conductivity problems are discussed.
Introduction
In various composites containing foreign particles, the latter are usually surrounded by thin interface layers. In most cases, their thickness is much smaller than the inclusion sizes (with the notable exception of concrete composites, where the interface thickness may be comparable to the sizes of inhomogeneities). Therefore, the overall elasticity and conductivity are not significantly affected by the presence of interfaces (unless the contrast between the properties of the layer and both the matrix and the inclusions is very high, as in the case of an interfacial crack). In some composites, however, the interface thickness may be comparable to the sizes of inhomogeneities. Concrete composites constitute an example, and they provided a motivation for several works on the effect of interfaces Zimmerman, 1996a,b and Berryman, 2000) . The present work is motivated by applications to nanocomposites. For nanoparticles, the interface thickness, albeit very small, may be comparable to nanoparticle sizes. Therefore, it may have a substantial effect on the overall properties (in particular, the interfaces may lead to a substantial elastic softening, see Ekimov et al., 2002 Ekimov et al., , 2004 . More specifically, the present analysis is motivated by metal matrix nanocomposites containing diamond or boron nanoparticles of typical sizes smaller than 20 nm. Elastic moduli of these nanoparticles are much higher than the ones of the matrix (for instance, the bulk and the shear moduli of the copper matrix are K = 137 GPa and G = 47 GPa, whereas these constants for diamond are K = 443 GPa and G = 536 GPa).
Remark. The interface layer, strictly speaking, is not isotropic: locally, being formed by copper crystals, it has the cubic elastic symmetry. However, the symmetry axes of the crystals are more or less randomly oriented around the particle. This justifies the assumption of isotropy.
Available data on the interface zones are insufficient to formulate precisely the law of variation of the interface properties across the thickness. We mention atomistic simulations for nanocrystalline solids of Kluge et al. (1990) which indicate that the elastic stiffness of external atomic layers of metal crystals is substantially lower than the one of the bulk crystal and that this change is smooth, with ''upward convexity'' (Fig. 1 ). This character of variation suggests that the power law is appropriate (note that a similar law of variation has been used by Lutz and Zimmerman, 1996a,b in connection with concrete composites).
We note that the interlayer has thickness of the order of 1-2 nm (Mütschele and Kirchheim, 1987) , i.e. several interatomic spacing. The thickness is approximately constant and can be viewed as intrinsic characteristics of the pair of materials. Although this scale is at the limit of applicability of continuum mechanics, we assume that, as far as the effective, i.e. the volume average, properties are concerned, the continuum mechanics approach can still be used.
Whereas the interface thickness is approximately constant from one particle to another, the sizes of the ''core'' nanoparticles vary. Therefore, the overall elasticity will depend on the distribution of the ratio of the layer thickness to the inclusion size. Analysis of this dependence is one of the goals of the present work.
The problem arises of identifying those parameters of the interface (its relative thickness, property variability across the thickness) that produce a dominant effect on the overall elasticity or overall conductivity (for the general discussion of proper microstructural parameters, see Kachanov and Sevostianov, 2005) . We address it by first identifying an equivalent homogeneous inclusion that, being placed in the matrix would produce the same contribution to the overall properties and then considering the composite with equivalent homogeneous inclusions.
Similar issues arise in the context of effective conductivity. Importantly, the conductivity contrast between the matrix and the inclusions is very different for the electric conductivity and the thermal one. For the system ''copper matrix-diamond inclusions'', the electric resistivities of the matrix and of the inclusions are 1.7 · 10 À8 and 10 16 X m, correspondingly, whereas the thermal conductivities are 406 W m À1 K À1 and 2000 W m À1 K À1 . Both conductivities are variable across the interface. Analysis in the text to follow shows that the effective elasticity and both effective conductivities are governed by similar microstructural parameters. Fig. 1 . Structure of a spherical inhomogeneity of radius r 0 with functionally graded interphase zone of thickness h. Elastic modulus (either bulk or shear) or thermal conductivity of the inhomogeneity is C * , corresponding property of the interphase zone varies from C min to its value for the matrix material C 0 .
Mathematical analyses of inhomogeneous interfaces started, probably, with the work of Kanaun and Kudriavtseva (1986, 1989) on the effective elasticity of a medium with spherical inclusions surrounded by radially inhomogeneous interphase zones. In this work, the basic idea of replacing an inhomogeneous inclusion by an equivalent homogeneous one was formulated. Such a replacement was carried out by modeling the inhomogeneous interface by a number of thin concentric layers (piecewise constant variation of properties). It was shown that, at the number of layers N % 40, further increase in N produces indistinguishable corrections; practically, the results become sufficiently accurate at substantially smaller N. The effective elasticity of the composite containing a finite concentration of inclusions was found by replacing inhomogeneous inclusions by equivalent homogeneous ones (with properties found by the multilayer approximation) and applying the effective field method, whereby each inclusion is placed in a certain effective stress. A similar analysis for cylindrical inhomogeneities (fibers) surrounded by concentric layers was carried out by Kanaun and Kudriavtseva (1986, 1989) .
This work has been largely overlooked, and its ideas have appeared again in a number of later works (see, for example, Herve and Zaoui, 1993) . The basic idea of replacing inhomogeneous inclusions by equivalent homogeneous ones has been utilized in the majority of works on the topic; the idea of approximating radially variable properties by multiple layers (piecewise constant variation of properties) was suggested by Garboczi and Bentz (1997) and Garboczi and Berryman (2000) in the context of applications to concrete composites. An alternative method was used by Wang and Jasiuk (1998) . They considered a general composite material with spherical inclusions representing the interphase as a functionally graded material and calculated effective elastic moduli using the composite spheres assemblage method for the effective bulk modulus and the generalized self-consistent method for the effective shear modulus.
Several closed form solutions for two specific forms of radial variation of properties-the linear and the power law ones-have been produced. Lutz and Ferrari (1993) and Zimmerman and Lutz (1999) considered inclusions with linearly varying elastic moduli, in the context of the effective bulk modulus. Lutz and Zimmerman (1996a) considered the linear variation of the thermal expansion coefficient. Zimmerman (1996b, 2005) and Lutz et al. (1997) considered the power law variation, in the context of effective bulk modulus and effective conductivity.
As far as an arbitrary law of radial variation in properties is concerned, apart from the above mentioned idea of multilayer approximation, an interesting methodology was proposed by Li (2003, 2005) , whereby the thickness of the interface is increased in an incremental, ''differential'' manner, with homogenization at each step. This idea, with modifications, is utilized in the present work.
Homogeneous inclusion equivalent to a system ''stiff core-graded interface''
The obvious starting point is to find the elastic/conductive constants of the equivalent homogeneous inclusion that has the radius of the core inclusion plus the interphase thickness and that produces the same effect on the overall property as the above described ''structured'' inclusion. We assume that the shape of the inclusion is spherical. This assumption is also adequate for spheres with somewhat ''jagged'' boundaries and regular polyhedral shapes with large number of sides (as follows from Hill's ''modification'', or ''comparison'', theorem (1963) ). This justifies the applicability of results for the spherical shapes to the actual shapes of diamond particles.
In analyses of interface layers with variable properties, an important result was obtained by Zimmerman (1996b, 2005) who gave exact solutions for the bulk modulus and conductivity assuming the power law variation across the thickness. An approximate solution that covers the shear modulus as well, was suggested by Li (2003, 2005) . Comparison with analytical results of Zimmerman (1996, 2005) , for the bulk modulus and with FEM calculations shows that the technique is reasonably accurate in the range of parameters considered by the authors. However, the applications of interest here involve a broader range of parameters (higher matrix/inclusion contrast and higher relative thickness of interface). In this range, Shen-Li technique appears to have a shortcoming: it applies Mori-Tanaka's scheme (Mori and Tanaka, 1973) in the limit of volume fraction of inclusions / ! 1 which leads to substantial errors for the shear modulus (see discussion below).
We first outline the basic logic of the technique of Li (2003, 2005) and then modify it to rectify the mentioned shortcoming. We denote by C one of the elastic moduli, either the bulk one, K, or the shear one, G.
The interface layer has the inner and the outer radii r 0 and r 1 = r 0 + h, respectively (Fig. 1) . The inner core of radius r 0 has modulus C * and the interface modulus varies across the thickness: C i = C i (r). We aim at finding modulus C ¼ Cðr 1 Þ of the equivalent homogeneous inclusion of radius r 1 .
We consider a certain ''current'' radius r 0 < r < r 1 and then add an incremental layer dr of the interface material, r ! r + dr, assuming that the inclusion of radius r is homogeneous (homogenized at the previous step). To find the corresponding increment of modulus of the equivalent homogeneous inclusion, we model this enlargement by placing the inclusion of radius r into a matrix that has the property of the interface C i (r). Volume fraction of the mentioned inclusion in the matrix is the ratio of the volume of the inclusion of radius r to the volume of the enlarged inclusion of radius r + dr. It is close to unity and, to the first order, is 1 À 3dr/r. To find the modulus C of the equivalent homogeneous inclusion, Li (2003, 2005) treat this system as a composite with volume fraction of inclusions approaching unity and use Mori-Tanaka's scheme. Being applied to a matrix with modulus C 0 containing inclusions of modulus C * with volume fraction /, Mori-Tanaka's scheme yields C is assumed constant across the interface. Applying result (2.1) to the system ''core inclusion-inhomogeneous layer'' yields, in the limit / ! 1,
Taking into account that / = 1 À 3dr/r, one arrives at the following nonlinear differential equation for C ¼ CðrÞ of the equivalent homogeneous inclusion: However, the differential equation (2.3) derived by Li (2003, 2005) on the basis of Mori-Tanaka's scheme appears inappropriate for the shear modulus. Indeed,
• The predicted shear modulus may become zero, or even negative (see the text to follow). For example, this happens in the case when the ratio of the minimal value of the modulus near the core to the maximal, across the interface, value (equal to the matrix constant), G min /G 0 = 0.17, the interface thickness is equal to the core radius, and the properties vary across the interface according to (2.7) and (2.8).
• The predictions are below the Hashin-Shtrikman (HS) lower bound (Hashin and Shtrikman, 1963) .
The HS lower bound is actually accurate in the present context: for an inclusion that is stiffer than the matrix (K * > K 0 , G * > G 0 ), of all the inclusion shapes of given volume, the spherical one produces the smallest effect on the overall elasticity. In the limit / ! 1, HS lower bound yields
Applying the technique of Shen and Li (2003) to the HS lower bound leads to the following differential equations for the moduli K, G of the equivalent homogeneous inclusion: . In the solution, one should set r = r 1 = r 0 + h, where h is the interface thickness.
For illustration, in the simplest case of a homogeneous interface zone, K i (r) = const = K i ; G i (r) = const = G i , Eq. (2.5) integrate to
where
. Returning now to the general case of Eq. (2.5) we assume the power law variation of the moduli across the inter interphase thickness
where K min , G min are the minimal values across the interface (at the core boundary) and where the power exponent
is chosen in such a way that the properties are continuous at the inner boundary and are almost matched to the ones of the matrix (to within small parameter d) at the outer boundary. The solution of Eq. (2.5), with the law of variation (2.7), is as follows. The effective bulk modulus is given by
and the effective shear modulus by
Functions U K , W K and U G , W G are expressed in terms of hypergeometric functions (see Appendices A and B).
Remark. For the bulk modulus, the prediction of the differential equation derived on the basis of HS lower bound coincides with the predictions of the differential equation based on Mori-Tanaka's scheme (and with the exact solution of Lutz and Zimmerman, 2005) . For the shear modulus, however, the difference between the two increases with increasing contrast between the inclusions and the matrix; it is quite substantial for diamond inclusions in metal matrix.
These results are plotted in Fig. 3 (copper-diamond system). It is seen that
• The results are quite sensitive to the interface thickness.
• The sensitivity to the minimal values of the moduli (at the core boundary) is low (the differences between the dotted and the solid lines are minor).
For the conductivity of the inhomogeneity with an interphase zone, the HS lower bound gives Remark. The scheme of calculation used here would not work if the contrast in properties between the core inclusion and the matrix is higher than two orders of magnitude. In this case, Eqs. (2.5) and (2.12) cannot be solved in a straightforward way due to numerical instabilities and an alternative approach has to be developed. While being irrelevant for the thermal conductivity (where the contrast is five times) this represents a limitation for the electric conductivity of the copper-diamond composite (where the contrast is 24 orders of magnitude).
Overall properties of the composite
We consider now the effective properties of a composite with ''structured'' inclusions by replacing the latter by the equivalent homogeneous ones. Typical volume fraction of the inner (diamond) inclusions' core, in the considered copper-diamond composites, is of the order of 0.2; at these values, the non-interaction approximation (interactions between inclusions are neglected) starts to produce noticeable errors. To estimate the effective properties, we utilize the method of effective field of Kanaun-Levin (see Levin, 1975; Kanaun, 1982; and Kanaun and Levin, 1994 , for a review) where a representative inhomogeneity is placed into a certain effective field of stress (in the elasticity problem) or the heat flux (in the thermal conductivity problem). This method produces results within the HS bounds and has been proven on a variety of microstructures; as shown by Markov (2001) , its results coincide with the ones of Ponte-Castaneda and Willis (1995) . Below, we compare these results with predictions of the non-interaction approximation and with HS bounds. We denote the matrix properties by subscript ''0'' and properties of the equivalent homogeneous inclusions-by an overbar. Results are given in terms of the volume fraction c 0 of the composite inclusions (with interface layers). In the non-interaction approximation, the effective elastic moduli are given by
The HS bounds yield
The method of effective field yields K eff , G eff that coincide with the lower HS bound. These results are plotted in Fig. 4 . It is seen that, at volume fractions of the order of 0.2, the differences between predictions of different methods are moderate. To highlight the effect of the interface zone, we also plot results for inclusions without the interface zone (dotted lines, for each of the schemes). It is seen that the interface zones produce a noticeable ''softening'' effect, as far as the effective elastic properties are concerned.
For the effective conductivity, the above schemes yield These results are illustrated in Fig. 5 . It is seen that the interface increases the effective conductivity.
In the text to follow, we identify those characteristics of the interface zone that produce a dominant impact on the extent of these effects.
Interface parameters of dominant importance and extraction of microstructural information from the effective properties
The results obtained above clarify the relative importance of various characteristics of the interface zone, as far as their effect on the overall properties is concerned. The parameter of dominant importance is the relative thickness of the interface (thickness normalized to the size of the diamond core). This is seen from Figs. 2-5.
Since the absolute thickness of the interface zone is a constant for a given pair of materials whereas sizes of the diamond cores vary, the relative thickness of the interface varies from one inclusion to another. Since the ''softening'' effect of the zone is controlled by the relative thickness, this effect is stronger for smaller inclusions. Therefore, the presence of interfaces produces the following two effects:
• It reduces the ''apparent'' volume fraction of inclusions (the volume fraction of the equivalent homogeneous inclusions producing the same effect), as compared with volume fraction of the diamond cores. 
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• It reduces the effect of smaller particles and thus makes the dependence of individual inclusion contributions to the overall properties stronger than r 3 . In other words, interfaces make smallest inclusions appear even smaller.
The overall elasticity and conductivity have low sensitivity to the exact character of variation of the interface properties across the thickness. More precisely, the following parameters produce a relatively minor influence on the overall properties:
• Power exponent b (as long as it is sufficiently high).
• The minimal value of the elastic moduli K min , G min (or conductivity k min ) at the inner interface boundaryas long as the character of variation across the interface is the one assumed in the present work (rapid change, with smooth leveling off towards the outer boundary). This is due to a rapid increase across the thickness at the assumed power law with high exponent b.
These observations have implications for the extraction of microstructural information from the effective properties of the composite. The information extraction is complicated by the distorting effects of interfaces that make the volume fraction of the ''apparent'' inclusions (with the interface layers), as well as the distribution over their sizes, different from the ones for the diamond cores. The obtained results quantify the effect of interfaces and, therefore, allow one to make more accurate estimates of the volume fraction of diamond cores from the ''apparent'' volume fraction.
Discussion and conclusions
For nanoparticles surrounded by interface layers with graded properties, the effect of interfaces can be substantial. This due to the fact that, although the absolute thickness of the interface may be very small (of the order of 1-2 nm), its relative thickness (normalized to the ''core'' inclusion size) may be substantial, if the ''core'' inclusions have nanoscale sizes.
Although the present analysis can be applied to a variety of nanocomposites, it is motivated primarily by the composite ''copper matrix-diamond inclusions'' (such inclusions make the composite highly resistant to wear). The diamond (or boron) nanoparticles have much higher elastic stiffness than copper.
In the context of elasticity, the effect of interfaces is the one of ''softening''. The present work quantifies this effect. The strength of this effect is determined, primarily, by the distribution of relative thickness of interfaces. In contrast, the sensitivity to the exact character of stiffness variation across the interface thickness is low.
The softening effect of the interface reduces the ''apparent'' volume fraction of inclusions. Moreover, since this effect is controlled by the relative thickness of the interface (normalized to the particle size), the effect is more pronounced for smaller particles. Thus, interfaces distort the distribution over particle sizes (making scaling of individual inclusion contributions to the overall properties stronger than r 3 ). Quantification of the mentioned differences between the ''apparent'' and the actual values of microstructural parameters obtained in the present work is necessary for the proper extraction of microstructural information from the effective properties.
Of various interface parameters, the thickness is identified as the parameter of dominant importance. Other parameters, such as the exact form of property variation across thickness, are much less important, as long as the character of property variation across the thickness is the one assumed in the present work (rapid change, with smooth leveling off towards the outer boundary).
Appendix 1. Hypergeometric functions
We summarize those facts and notations concerning the hypergeometric functions that are relevant to our results; for details, see, for example, Fine (1988) .
The first hypergeometric function (sometimes referred to as ''the'' hypergeometric function or Gauss' hypergeometric function)
